We study the effect of shear and bulk viscosities on the heavy quark transport coefficient within the matrix model of semi QGP. Dissipative effects are incorporated through the first-order viscous correction in the quark/antiquark and gluon distribution function. It is observed that while the shear viscosity effects reduces the drag of heavy quark the bulk viscosity effects increase the drag and the diffusion coefficients of heavy quark. For finite values of η/s and ξ/s, Polyakov loop further decreases the drag and the diffusion coefficients as compared to perturbative QCD.
and the hadronic medium arises from shear viscosity. However, bulk viscosity is equally important and may dominates near transition temperature i.e., ξ/s ∼ 1 [29] and can singnificantly affect hadron p T spectra and elliptic flow v 2 [30] . Viscous corrections have also been studied for dilepton production in QGP [31, 32] , photon production [33] , damping rate of heavy quark [34] , heavy quark radiative energy loss [35] [36] [37] , event-plane correlations [38, 39] etc. Effect of shear and bulk viscosity on HQ drag and diffusion coefficient have been studied in Ref. [40] using a fugacity model. In the present study, we intend to include the viscous corrections (both shear and bulk) along with a non-trivial Polyakov loop background that is used to describe the "semi QGP" within a matrix model. We find that in the perturbative limit our results are consistant with the previous results, however, with the inclusion of Polyakov loop (φ), at low temperature our results are different from that of Ref. [40] . In this work, we include the viscous corrections (both shear and bulk) in the single particle distribution functions of quark and gluon to estimate the viscous effects on the HQ transport coefficients. We estimate this using Fokker-Plank equation and use the matrix model of semi QGP to evaluate the relavant scattering amplitudes. The single particle distribution function (see Eqs. (38) and (39)) is modified using second moment ansatz. In Ref. [35] it was shown that viscous effects induce a larger energy loss of HQ. So one may expect that, viscous corrections may be important and significantly affect the transport properties of HQ in the bulk medium. However, we find that for small shear and bulk viscosities, the dissipative effects on the drag and the diffusion coefficients are somewhat weak.
We organize this work as follows. An introduction on the formalism for evaluation of HQ drag and diffusion coefficients within the matrix model of semi QGP is discussed in section (II) which is followed by the discussion on semi QGP in section (III). In this section, we also discuss some salient features of the matrix model. In section (IV), an ansatz for the first order viscous correction on quark/gluon distribution is discussed. In section (V), we discuss the interaction of HQ with the light thermal parton and present matrix element squared for Coulomb and Compton scatterings within the matrix model. These matrix element squared are used to evaluate the drag and diffusion coefficients . Finally, in section (VI) we discuss the viscous effects on HQ quark transport and present the numerical results for the drag and the diffusion coefficient for constant values of η/s and ξ/s. Finally, we summarise and give an outlook of the present work in section(VII).
II. FORMALISM
The Brownian motion of HF particles can be described by the Fokker-Plank equation where the interactions of heavy quark with the bulk of light quarks and gluons are encoded in the transport coefficient. Assuming that HF quark of momentum p is traveling in a medium of light quark and gluon, the Boltzamann equation for phase-space distribution f Q of heavy quark can be written as [41] ∂ ∂t
where F is the force due to external mean-field such as chromo electric or magnetic fields present in the intial stages of the heavy ion-collision , E p = m 2 Q + p 2 is the energy of heavy quark with mass m Q and C[f Q ] is the collision integral. Neglecting the mean-field effects, Eq [1] reduces to
On the right-hand side of Eq. [2] , collision integral in terms of collision rate which change the momentum of HF quark from p to p − k is written as
where w is the transition rate of heavy quark colliding with heat bath particles of momentum k. The first term in Eq. [3] is the gain term that describes the transition of HF quark from a state of momentum p + k to momentum state p while the loss term (second term) represents the scattering out from the momentum state p. Assuming the scatterings of HF quark with the bulk medium partons is dominated by small momentum transfer i.e., |k| ≪ |p|, the distribution function of HQ and transition rate can be expanded up to second order with respect to k .ie.,
With this approximation the collision integral simplifies to
The function w can be expressed in terms of the cross-section for scattering processes in the heat bath. For, scattering of HQ with momentum p with the bulk medium-light thermal parton with momentum q, one finds
where f (q) l is Fermi-Dirac/or Bose-Einstein distribution function of light thermal partons and γ l is degeneracy factor which is γ q = 6 for quarks and γ g = 16 for gluons. Boltzmann equation Eq. [2] can be approximated as Fokker-Plank equation
Here A i and B ij are drag and diffusion coefficient and are given as
For an isotropic heat bath at local thermal equiliberium one may define [42] A
where P ij and P ⊥ ij are longitudinal and transver projection operators defined as
For a process lQ → lQ (where l stands for light quarks and gluon) the drag and diffusion coefficients of HQ in the plasma of light quarks and gluons are given by the scalar integral of form
where l = q,q, g. In the present study, we evaluate scattering amplitude for relavant 2 → 2 processes within the matrix model which make the matrix element squared color dependent. So in the presence of a background gauge field Eq.(13) becomes
where a, e are color indices of incoming and outgoing light quark and ef, gh are color indices for incoming and outgoing gluon that interact with HQ, |M qQ | 2 ab and |M gQ | 2 ef gh are matrix element squared respectively for the processes q a Q c → q b Q d and g ef Q a → g gh Q b . In the notation as written in Eq. [14] , the drag and diffusion coefficients are written as
In the presence of a non-trivial Polyakov loop background, apart from the matrix elements, the distribution functions also become color dependent. We evaluate these scattering amplitudes in the matrix model of semi QGP which we discuss in the next section.
III. SEMI QGP
At high temperature, the density of colored particles like quarks and gluon are large and can be calculated using perturbative QCD. However, at low temperature, colored particles are statistically suppressed and are measured by the small value of Polyakov loop e.g., at chiral cross-over temperature T c ∼ 170 MeV, φ = 0.2 [43] which is way smaller from its asymptotic value i.e., φ = 1. Because of the suppression of colored particles, the region near chiral cross-over is termed as semi-QGP [44] . Semi QGP is characterized by the Polyakov loop as defined in Eq. (24) . For the calculational purpose, we shall use double line notation which is quite useful in the matrix model of semi QGP. In the double line basis, quark carries one color index say a = 1, 2, .., N and gluons carry double index say ab = 1, 2, .., N 2 . For SU (N ) group such N 2 pairs lead to N 2 generators and the basis is overcomplete by one generator. The overcomplete basis is compensated by introducing the projection operator defined as [45] [46] [47] 
hence the generator is given by
The trace over two generatros doesn't vanish but rather is again a projection operator i.e., 
This is due to the presence of extra generator as compared to generators in an orthonormal basis. The structure constant of the group in the double line basis is given by
In the mean-field approximation, the constant background field is defined as A 0 µ = 1 g δ µ0 Q a with Q a = 2πq a T . Since A 0 is traceless so sum over Q's vanishes i.e., a Q a = 0. For an SU (3) group, Q a = (−Q i , −Q i−1 , ..0, Q i−1 , Q i ), where i = N/2 if N is even and (N − 1)/2 if N is odd. In the temporal direction, the Wilson line is written as
where P stands for the ordering of imaginary time and τ is imaginary time. Polyakov loop, which is the trace of Wilson line, in the constant background gauge field can be written as
For an SU (3) group, where q a = (−q, 0, q) Eq.[23] is simplified to
The background gauge field acts as an imaginary chemical potential for colored particles so the statistical distribution function of quark/anti-quark and the gluon are
where the single and double indices are for quark/antiquark and gluon. For a background field and given Q a these distribution functions are complex so are unphysical. Physical meaning comes when one integrates over all distributions of Q a . The resummed gluon propagator in the presence of a static background gauge field is given as [48] Dµν; abcd(K) = P L µν
where 
where
with y = k0 |k| and M 2 = (M 2 ) abcd is the thermal mass of the gluon. For the drag and the diffusion of HQ studied here, the momentum transfer is small so only longitudinal propagator contributes to the squared matrix elements [42, 49] 
IV. VISCOUS CORRECTIONS IN THE DISTRIBUTION FUNCTIONS
In this section, we briefly describe the first order viscous corrections on the thermal distribution function of quarks and gluons. We start with the energy-momentum tensor of a non-ideal fluid which is given as [30] T µν = (ǫ + P )u µ u ν + P g µν + π µν + Π∇ µν ,
where ǫ, P, u µ are the energy density, pressure density and four-velocity of the fluid. For metric tensor, we use the convention g µν = diag(−1, +1, +1, +1) so that u µ u µ = −1 and the term ∇ µν = g µν + u µ u ν . The first two terms at the right hand side of Eq.(32) describes the energy-momentum tensor for an ideal fluid and the rest two terms are part of viscous corrections that summarises the effect of shear and bulk viscosities respectively. The dissipative terms are constructed from the derivatives ∆ α = ∇ αβ ∂ β and ∇ µν . In the first-order approximation, the symmetric tensor π µν satisfying the condition u µ π µν = 0, in the local rest frame is given as
and the bulk viscosity dependent term
Dissipative effects can be incorporated in the color dependent distribution functions f a/ab (E) which contains the ideal part as well as viscous corrections. For this purpose, we write f a/ab (E) = f 0 a/ab (E)+δf a/ab (E) (f 0 a/ab (E) is equilibrium distribution function of quark/antiquark and gluon) and use the second-moment ansatz as in Refs. [30, 50, 51] , so that
where A and B are constants. Constrain on δf a/ab comes from the continuity of stress-energy tensor across the freeze-out hypersurface [51] i.e.,
The choice of δf a/ab is not unique, as pointed out in Ref. [52] , δf a/ab can have linearly increasing form with momentum and also quadratically increasing with momentum or anything in between linear to quadratic increasing behavior. However, we will continue with the form as in Ref. [30, 51] . In the local rest frame of the fluid where u 0 = 1, u i = 0, ∂ µ u 0 = 0 and ∂ µ u i = 0, the deviation in distribution function can be written as [30, 51] δf (E) a/ab = 1
With further simplification using Eqs. [33] and [34] , distribution functions of quark and gluon becomes
where τ is the thermalization time. In the present investigation, for evaluating drag and diffusion coefficients, we shall use Eq. [38] and Eq. [39] for quark/antiquark and gluon distribution function.
V. SCATTERINGS AMPLITUDES WITHIN MATRIX MODEL
In this section, We shall discuss the scattering of HQ of mass M and energy E = p 2 + M 2 with the light thermal partons in the bulk medium and we shall also compute the scattering amplitude squared within the matrix model of semi QGP. To compute the drag and the diffusion coefficients of HQ transport we shall follow a similar approach to include screening effects as in Ref. [41, 49] . For the elastic collision, there are two types of scattering processes that contributes to the drag and the diffusion coefficient of HQ. One is Coulomb scattering i.e., scattering off of HQ with light quark and another is Compton scattering i.e., scattering off of HQ with gluons. In the following we present these in detail.
Coulomb scattering: The Feynmann diagram for the Coulomb scattering of HQ and a light quark is shown on the left side of Fig.(1) . Here a, c, b, d are the color indices of initial and final quarks. In the double line notation, the scattering amplitude for this process is
where g is strong coupling constant, t is Mandelstam variable and m, l, j, k are the color indices of gluon propagator.
In the limit of soft momentum transfer, only time-like component of the propagator contributes and the propagators simply become Debye screened propagator with 1/t → 1/(t + m 2 D ) [41, 49] where m 2 D is color dependent Debye mass and can be given as
andD(Q a ) = D(Q a + πT ). In the perturbative limit, Eq.(40) can be written as
and the product of projection operator with open color index a, b can be written as
However, for the computation of the drag and the diffusion coefficient, we shall use Eq. 
Let us note here that the drag and the diffusion coefficient of HQ as defined in Eqs. (15) and (16) depends on the color of incoming and outgoing light quark i.e., Q a and Q b in the distribution functions; see Eq. (14) . So to compute the color-averaged quantity, the color index a and b in Eq.(45) will be summed with the distribution function. With the distribution function as defined in Eq. (38) , for Coulomb scattering the bracketed quantity in Eq. (14) gives
Compton scattering: There are three types of scatterings (s, t and u channels) that contribute to the Compton scattering i.e., scattering off of a gluon from a quark. For s and u channel scatterings, the corresponding Feynmann diagrams are shown in Fig.[2] and for the t channel scattering the relevant diagram is shown in right side of Fig.[1] . We shall evaluate the scattering amplitude for Compton scattering below.
s-channel: The relevant diagram for this channel is shown on the left side of Fig.[2] where ef (gh), a(b) are color indices of incoming (outgoing) gluon and quark. In the double line notation, the scattering amplitude for the process is given as
where s is Mandelstam variable and M is the mass of HQ. Note here that unlike Coulomb scattering there is no color dependence on the HQ propagator. This is because of the large mass of heavy quark. For massive quark and massless gluon the matrix element squared for s-channel Compton scattering can be written as
Note that the scattering amplitude depends on the color of quarks and gluons. For the evaluation of the transport coefficients one needs to perform a color sum. Same as in the case of Coulomb scattering, the color indices of incoming and outgoing gluon (ef, gh) in Eq.(48) will be summed with the distribution functions appearing in Eq. (14) . u channel: The corresponding Feynman diagram for u channel Compton scattering is illustrated at the right side of Fig.(2) . Scattering amplitude that depends on the color of incoming and outgoing color particles can be written as
Simplifying Eq. (49) with the polarization sum of massless gluon and spin sum and average over heavy quark gives
In the Eq.(50), the product of projection operator can be simplified by summing over the color indices a, b and c. However, the color indices of initial and final gluon should be summed with the distibution function in Eq. (14) . Keeping ef, gh as open indices, the product of the projection operators can be simplified to
t channel: The relevant Feynmann diagram for the t channel Compton scattering is shown on the right side of Fig.[1] . For the color dependent scattering amplitude one can write
In Eq.(52), f cd,ef,gh is structure constant as defined in Eq.(21) and ǫ µ (q), ǫ * ν (q ′ ) are the polarization vectors for incoming and outgoing gluon. The matrix element squared can be obtained by performing appropriate polarization sum for gluons and spin sum and average for heavy quark. Doing so, matrix element squared becomes
The corresponding interference terms among Compton scatterings are given in appendix(A). To that the total scattering amplitude of Compton scattering that enters in Eq.(14) for evaluation of the drag and the diffusion coefficients is
For computational simplification, we shall use the leading order contribution in the Debye mass that appears in the t channel scatterings.
VI. RESULTS AND DISCUSSIONS
With the scattering amplitude for the processes lQ → lQ (where l stands for light quark/antiquark and gluon and Q stands for HQ) as evaluated in the previous section, we numerically compute the drag and the diffusion coefficients using Eq. [14] and incorporate the dissipative effects in the quark/antiquark and gluon color distribution functions as defined in Eqs. (38) and (39) . For this purpose, we use charm quark mass M = 1.27 GeV and the two loop running 
with Λ = 260 MeV and light quark flavor N f = 2. We also evaluate the HQ transport coefficients in pQCD by evaluating scattering amplitude squared withing the pQCD framework.
In general, there are two factors that essentially affect the heavy quark transport properties. One is the Debye mass that occurs in the evaluation of matrix elements and the other is the Polyakov loop dependent distribution functions of quark/anti-quark and gluon. At low temperature, a lower value of the Debye mass increases the transport coefficients. On the other hand, the distribution function with the non-trivial φ tend to reduce it. These apart a third factor that plays an important role here is the momentum dependence of departure δf a/ab in Eqs. (38) and (39) of the distribution function from the equiliberium distribution function. Now let us examine the results in somewhat detail. In Fig.(3) , we show the dependence of the drag coefficient as a function of temperature. In the left panel, we have plotted the drag coefficient i.e., Eq.(15) for a constant value of η/s normalized to the drag coefficient for η/s = 0, ξ/s = 0. In both the figures, we have taken a value of τ = 0.3 fm −1 and p, the magnitude of the momentum of HQ as p = 1 GeV. To discuss the effects of shear viscosity (η), we have plotted A(η)/A(η = 0) as a function of temperature. The blue curve corresponds to the pQCD calculation results and the red curve corresponds to the effect of the Polyakov loop within the matrix model. It is clear that at low temperature for η/s = 0.1 and τ = 0.3 fm −1 , the drag coefficient is smaller with the Polyakov loop as compared to pQDC. This is mainly because of the negative contribution from the momentum factor (q 2 /3 − q 2 z ) in δf a/ab along with the effect of Polyakov loop. Such a non-monotonic behavior with the Polyakov loop can be understood as follows. The Debye mass is smaller at lower temperature due to the small value of Polyakov loop compared to the high temperatur [21] . As the temperature increases the suppression decreases and approach the perturbative results beyond which it decreases similar to the perturbative QCD results. Another reason for more suppression in the drag within the matrix model is due to the distribution function i.e., colored particles are suppressed due to small value of Polyakov loop compared to pQCD. In the right panel Fig.(3) , the temperature behaviour of the drag with the inclusion of bulk viscosity is shown for constant ξ/s and η/s = 0 . The drag is more with the inclusion of the bulk viscosity compared to the ξ/s = 0 case. This is because ξ/s term in δf a/ab is always positive and there is no phase space suppression so the small Debye mass enhances the drag coefficient. In the matrix model drag is more as compared to pQCD due to small value Debye mass and distribution functions. The ratio A(η)/A(η = 0) of the drag coefficient as defined in Eq.(15) is plotted as a function of temperature for HQ momentum p = 1 GeV in Fig.(4) for various value of η/s and τ to see the effect of both (η/s, τ ) the quantities. Here the scattering amplitude squared for the relevant scatterings are evaluated within the matrix model. As anticipated from the effect of phase space, Polyakov loop dependent distribution functions of quark/anti-quark and gluon and the Debye mass, with an increase in η/s value, the HQ drag coefficient decreases as shown on the left side of Fig.(4) . Here the red line is for η/s = 0.1 and black dashed line for η/s = 0.17 with τ = 0.3 fm −1 . For small value of η/s and sufficiently large value of thermalization time (τ ), the effect of η/s on the HQ drag is weak as shown by the red curve. This can be understood from 1/τ factor in Eqs. [25] and [26] . On the right side of Fig.(4) , the effect of ξ/s and τ on the drag coefficient is shown. As expected, with an increase in ξ/s, the drag coefficient increases as shown by a dashed black line i.e., ξ/s = 0.015 and the blue line with ξ/s = 0.03. Same as earlier, with an increase in thermalization time, the drag coefficient decreases. Drag coefficient A(η) normalized with A(η = 0) as a function of HQ momentum p for T = 220 MeV is shown in Fig.(5) . On the left side of the same figure, for finite shear viscosity to entropy ratio, with an increase in momentum, the drag coefficient increases. However with increase in this η/s the drag coefficient decreases as shown by the black dashed line. As earlier, this behaviour can be interpreted by the phase space suppression and the Debye mass. Similarly, with an increase in thermalization time, the drag coefficient decreases as can be anticipated from Eqs. (38) and (39) . On the right side of the same figure the effect of bulk viscosity on HQ drag is shown. Here, the drag coefficient decreases with an increases in HQ momentum. Note that unlike η/s, with increase in ξ/s the drag coefficient increases, however with an increases in thermalization time the drag coefficient decreases.
On the left side of Fig.(6) , the effect of both ξ/s and η/s for τ = 0.3 fm −1 on the ratio A(η, ξ)/A(η = 0, ξ = 0) of the drag coefficient as a function of temperature is shown. At low temperature, shear viscosity dominates due to the phase space suppression, so the drag coefficient decreases. At moderate temperature e.g., around 250 MeV bulk viscosity dominates so the drag increases. Again at high temperature around 320 MeV, both the η/s and ξ/s decreases the drag coefficient. For small values of η/s and ξ/s i.e., η/s = 0.1, ξ/s = 0.01, the dependence of the drag coefficient on the medium temperature is somewhat weak, however, it grows for a larger values of η/s and ξ/s. On the right side of Fig.(6) the same ratio as a function of momentum is shown. Similar to the case of temperature behavior, for smaller values of η/s and ξ/s the drag coefficient is somewhat weakly dependent on momentum (see blue curve; η/s = 0.1, ξ/s = 0.01), however, it strongly depends on momentum for larger values η/s and ξ/s.. At low momentum, the drag coefficient suppresses, however, on the other hand at high momentum drag coefficient enhances for any constant values of η/s and ξ/s.
The ratio B 0 (η, ξ)/B 0 (η = 0, ξ = 0) of diffusion coefficients as defined in Eq. (16) is plotted as a function of temperature and momentum in Fig.(7) . On the left side of Fig.(7) , the black curve is for η/s = 0.2, ξ/s = 0.05, the red curve is for η/s = 0.15, ξ/s = 0.03 and the blue curve correspond to η/s = 0.1, ξ/s = 0.01 for HQ momentum p = 1 GeV. Similar to the drag coefficient, at lower values of η/s and ξ/s e.g., η/s = 0.1, ξ/s = 0.01 the diffusion coefficient is not affected much. However, at larger values e.g.,η/s = 0.2, ξ/s = 0.05 the diffusion coefficient enhances. At low temperature, with the inclusion of dissipative effects, the diffusion coefficient is small compared to the case of without vicous effetcs, however, at high temperature the trend is quite opposite. On the right hand side of the same figure, momentum dependence has opposite trend as compared to that of temperature. At low momentum, with the inclusion of disspative effects, the diffusion coefficient enhances as compared to the case of without viscous effects and at high momentum dissipative effects reduces the diffusion coefficient. In pQCD calculation, the Drag and the diffusion coefficients for various values of η/s, ξ/s, τ as a function of temperature and momentum that are presented here behave similar to as pointed out in Ref. [40] . However, the differences are due to the effect of the Polyakov loop.
VII. SUMMARY
In the present work, we have computed the corrections due to the effects of the shear and the bulk viscosities on the HQ drag and diffusion coefficients within the matrix model of semi QGP. To incorporate the viscous corrections we first write the distribution function of quark and gluon (f a/cd = f 0 a/cd + δf a/cd , where f 0 a/cd is equilibrium distribution function and δf a/cd summarises the effect of shear and bulk viscosities) as defined in Eqs. (38) and (39) using second moment ansatz. We next calculate the color dependent scattering amplitude of HQ from the light thermal partons in the bulk medium within the matrix model of semi QGP. Non-perturbative effects are included via the Polyakov loop in quark/antiquark and gluon distribution functions as well as in the Debye mass. In all the calculations, we have taken the constant values for the viscosity to entropy density ratio .e., without their temperature dependence. However, these can be calculated as has been done in Ref. [48] . With a reasonable constant value for η/s and ξ/s for the temperature range we have considered, we find that the drag coefficient withing the matrix model is small compared to that of perturbative QCD. Similarly, for a constant value of ξ/s, the drag coefficients is large withing the matrix model compared the pQCD resutls. Furthermore, with an increase in temperature and momentum the drag coefficient increases, however, the diffusion coefficient increases with an increase in temperature and decreases with an increase in momentum. In addition, for small η/s and ξ/s, both the drag and the diffusion coefficients have a weak dependence on temperature and momentum for all range of temperature and momentum considered here. sum/average of final/initial quark, one can simplify Eq.(A1) to yield
As earlier, color index ef /gh of incoming/outgoing gluon will be summed with the statistical distribution function while evaluating the drag and the diffusion coefficients using Eq. (14) . Similarly, another term that contributes to the amplitude i.e., M † s M u of the interference of the same scattering channels is given as
For s and t channel scatterings, the matrix element squared of the interference term can be given as
, (A4) where C µνσ is defined in Eq. (53) . With the polarization sum of massless gluon and trace over Dirac space, the scattering amplitude can be simplified to
.
(A5)
The last term contributing to the scattering amplitude of the intefering diagrams comes from the u and s channel scatterings and can be given as
(A6) Similar to Eqs.(A1) and (A4), Eq.(A6) can be simplified to
(A7)
